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Abstract

A topology is introduced in a logic # using the set of pure states of .%. It is shown that .%,
equipped with this topology, under suitable conditions, determines the division ring
R, € or Q. With the continuity of the antiautomorphism of the division ring added, it is
shown that these conditions are necessary and sufficient for the projective logic % to be
isomorphic with the projective logic of the projections in a Hilbert space over R, C or Q.

1. Introduction

In the framework of the axiomatic approach to the foundations of
quantum mechanics which is known as the ‘quantum logic approach’, one
meets with the problem of the conditions under which a quantum logic
admits a ‘hilbertian representation’. In this connection the main result is the
Piron theorem (Piron, 1964), which we quote in the formulation given by
Varadarajan (1968):

‘Let .2 be any logic. Then necessary and sufficient condition that & be
isomorphic to the logic of all closed linear manifolds of a separable
Hilbert space over the division ring [ (which is one of R, the real field, C,
the complex field, or @, the quaternion division ring) is that % be a
projective logic associated with D and have the property that every family
of mutually orthogonal points of . must be countable’.
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In Section 2 we will see what is meant by a logic associated with D (R, C
or Q). To introduce the question we examine in this paper, we point out
that the conditions for a logic to be associated with D (R, C or Q)—that is,
the conditions under which a logic leads to a quantum mechanics over the
real field, the complex field or the quaternion division ring—are left un-
settled. As Varadarajan says, ‘this is a classical question and is intimately
connected with the topologies on a geometry’.

In this paper we introduce a topology in a logic, which on one side is
interesting from the physical point of view, and on the other allows us to
say that the division ring associated with the logic is really R, C or Q.

In Section 2 we recall some useful definitions contained in Varadarajan’s
book. In Section 3 we study some topological properties of the lattice of the
projections in a separable Hilbert space over R, C or Q. In Section 4 we
introduce in a logic the ‘topology of states’, and in Section 5 we examine the
conditions under which a logic with the topology of states determines the
division ring R, C or Q.

The mathematical tools that one must know to read the paper are
collected in the Appendix, in which will be found all the definitions and
notations not given in the text.

2. Basic Concepts

(a) A logicis alattice with 0 and I, o-complete, ortho-complemented and
weakly modular.

(b) An observable associated with a logic .Z is a mapping «: B(R) -~ &
[where B(R) is the g-algebra of Borel sets of the real line] such that:

1) w(@)=0, oR)=1I;
@) E,FeBR), ENF=¢ = «E)<@F)*
(3 {Ednct,2,...<B®), ENE;=¢ fori#j—a(UE,)=VuE,)

If « is an observable and f'a Borel real function on R we define the observabie
Jf o a as the mapping given by (f o a)(E) =: o f "HE)) V E € B(R)

(c) If 0 is the set of all observables associated with a logic . and = is the
set of all the probability distributions on B(R), a state function of ¥ is a
mapping p: 0 = x such that (p(f o )OWE) = (p())(f "HE)), V E € B(R)
for every o € @ and every Borel real function fon R.

(d) A state associated with a logic & is a mapping s: & — R such that:

Mo<stay <1, VaecZ;

@s@®=0, s=1;

(3) {an}n=1,2,.. . < og7 a; < ajJ_ fOI‘ 1¢J = S(V an) = Z S(an)-

n

It can be shown (Varadarajan, 1968, Theorem 6.5) that, given a state s, for
every observable o € @, (p*(2))(E) =: s((E)) defines a probability distribu-
tion on B(R) and that the mapping a~>p*(x) is a state function of #.
Conversely, given a state function p there exists one and only one state s
such that, for every o € 0, (p(a)) (E) = s(a(E)),V E € B(R).
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A state s is called a pure state if s=ts; + (1 —1)s, with 0 < <1 and
851, 8 states, implies §; = s, = 5.

In his definition of a state Jauch (1968) requires, besides conditions
(1), (2) and (3), the following ones also:

(4) s(a;) =1 for every i belonging to an at most countable set of indices
implies s(A @;)) =1;
(5) the set of states is separate.

In the following we shall call & the set of all states of # satisfying also
(4) and (5) and £ the set of all states of & which are pure. Conditions (4)
and (5) are convenient from the point of view of the physical interpretation;
however their omission would not cause us any serious mathematical
difficulty.

(e) A projective logic is a logic % such that:

(1) & is atomic;

2) if a e Z, a#0 is the lattice union of a finite number of atoms (such
an g is called a finite element of &), then £[0,4] is a geometry;

3) fae.?,a+#0,a+#1and pis an atom of .Z, then there exist in £ two
atoms g and r such thatg < a, r<at, pP<qvVvr;

(4) there exists in % a finite element 4 such that dim £[0,a] > 4

Since for every finite element a of ¥, £[0,4] is a geometry, we can define
dim(a) for each finite element a setting dim(4) =: dim .Z [0,4]. Obviously,
for a point p, dim(p) = 1; a finite element a with dim(a) = 2 will be called a
line of &, a finite a with dim(a) = 3 will be called a plane of &, and so on.

The lattice #(#°,D) of all the projections of a Hilbert space over D
(R, C or Q) with dim 4 > 4 is a projective logic. The finite elements of
Z(#,D) are the projections of finite rank; obviously, the atoms are the
monodimensional projections, the lines are the bidimensional projections
and the planes are the tridimensional projections.

Now let ¥ be a linear space over a division ring K withdim V' >4, 0 an
involutive antiatomorphism of K, and <.,.> a definite symmetric #-bilinear
form on VxV. For every subset M of ¥ we define M* as

M*={xeV|{u,x)=0, VpeM;

Obviously M* is a linear manifold of V., We will say that a linear manifold
N of Vis closed relative to <.,.>, or {.,.>-closed, if N = N**, Moreover we
will say that the pair (V,<.,.>) is hilbertian if, for every <.,.>-closed linear
manifold Nof V, V =N+ N*,

Then the following theorem can be proved (Varadarajan, 1968, Theorem
7.40:

‘Let I be a division ring, V' a linear space over K with 4 < dim V, # an
involutive antiautomorphism of K and (.,.> a definite symmetric
#-bilinear form on VxV. Let Z(V,<.,.>) be the set of all {.,.>-closed
linear manifolds of V partially ordered under inclusion. If (V,{.,.>) is
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hilbertian then £(V,<.,.>) is a complete projective logic, and. for any
collection {M;} of {.,.>-closed linear manifolds of V" the lattice opera-
tions in £(V,<.,.>) are given by

v M3 = (U M), MM} = M;

Conversely, let % be any complete projective logic. Then there
exists a division ring [, an involutive antiautomorphism 8 of K a
vector space V over KK and a definite symmetric 8-bilinear form <{.,.>
on VxV such that (V, <.,.)) is hilbertian and % is isomorphic to

LV,<0)"

The division ring KK of the second part of the theorem just quoted is
uniquely determined by ¥ up to isomorphism. If this ring KK is one of R, C or
@, the antiautomorphism 8 is uniquely determined also, and is bound to be
the identity or the canonical conjugation in the case of R or Q, respectively,
while it does not need to be the complex conjugation in the case of C. If the
division ring K results in D (R, C or Q) and, in the case of C, the anti-
automorphism 6 results in the complex conjugation, then the projective
logic % is said to be associated with D.

So we have a complete understanding of the Piron theorem quoted in the
Introduction.

The question is now to ascertain under which conditions a projective
logic .& is really associated with D (R, C or Q).

In the following sections we shall find necessary and sufficient conditions
under which a complete projective logic determines R, C or Q.

3. The Weak Operator Topology On ¥ (,D)

Let Z(#, D) be the lattice of the projections of a separable Hilbert
space over the division ring D (R, C or Q) with dim 5 > 4. As we have noted
in Section 2, #(#, D) is a projective logic.

We consider on Z(#,D) the topology induced by the weak operator
topology of the algebra Z(#) of all bounded operators on . In this way
ZL(#,D) is a metrisable second countable space (Dixmier, 1969).

Theorem 3.1. Let Q be a projection of finite rank. Then the geometry
Z[0, Q] is a compact subset of Z(#, D).

Proof. Since [0, Q] is a subset of #,(#) (the unit ball of #(s#)) and
2B,(A#) is a compact metrisable space in the induced weak operator topology
(Dixmier, 1969), it is enough to show that #[0,Q] is sequentially
closed in 8,(#). Let {P,} = £[0, Q] and

P54
Then A4 is bounded and

pr 5 a4
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so that 4 = A+. Moreover, for every x € 7,
N
1Pa? =3 (Pa 1) i Pa )

where {#};_1, ... » is a complete orthonormal system of R, (the range of Q)
and so

N
lim [P, x[[2 = > Lim(P,x, ) (uy, Py x) = || Ax]|?
n->0 k=1 n->c0

thus ([5], V.1.2)
[P, x — Ax|| — 0

for every x € &, that is

P, > A
But if

P54
then

P2 242

so that A = A2, Finally
(Pux,x) <(@x,x) = Lm(P,x,x) <(Qx,x) = (dx,x) < (Qx, x)
that is, 4 € Z[0, Q].

Theorem 3.2. Let I be any line of #(s#, D). Then the set of all points of /,
but one arbitrarily chosen, is a connected set.

Proof. Let P be a bidimensional projection, Q, a projection such that
Oo <P, Qo #P, Qy# 0, and & defined as follows:

S ={0eX(H#,D)O<P,Q#P,0+#0, Q0+ 0o}

We want to prove that & is a connected set. The set & of all vectors of #
which belong to Rp but not to Ry, is either connected or (in the case D = R)
the union of two connected subset %, and #,. The mapping x P, where
x € % (or #,) and P, is the projection on the subspace generated by X is a
surjective continuous mapping from £ (or #,) onto &. The surjectivity is
immediate; for the continuity we note that, if {x,} is a sequence in £ (or %)
such that [x, — x| = 0 with x € # then, for every y,z e #

(Py,7,2) = #l ,%) (i 2) ﬁ 3,3 (6,2 = (P, 2)

_ [l ]
that is
P, > P,

The assertion follows from the fact that connectedness is invariant under
continuity.
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We want now to prove that in any plane of £(s#,D) the intersection
point of two lines is a continuous function of the two lines and that the
union line of the two points is a continuous function of the two points.
For each x € #, P, will mean the projection on the subspace generated by x.

Lemma 3.3. Let {x,} be a sequence of normalised vectors in s and x a
normalised vector in .
P, > P,
iff |(x,x) |2 = L.
Proof. (a) Necessity. From
P. > P,

we have, for every y,ze # (y,x,)(%,2) —> (3,X)(x,z); hence, setting
y=z=X
Ge x)[2 = (e, %)[* =1

(b) Sufficiency. We choose {y,} such that {x,y;,y,,...} is a complete
orthonormal set in . Then

G 9+ 3 [l =1

so that
G )12 > 1
H=> 00

implies
3 Gl — 0
Now, for every z e #°
(2, %) = (2, %) (o6, %) + 2, (2, 01) (D1, %)
then l '

H(Za xn)l - [(Z: x)(x>xn)ll < I(Z’xn) - (Z, x)(x’xn)l =
1/2

<(Slenr) (S lowmr) <

<la1 (S lownP) 2 0

Z (2,30 (Vi Xn

thus
l(z,x)| = |(z,%)], VzeH
whence

(Px,,zs z) =(2, %,) (X, 2) = I(Z, xn)l2 g KZ’ x)lz = (P, z,2)

Using the polarisation principle, then we have

P, 5P,
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Remark 3.1. The polarisation principle for (4x,y) where 4 e B(H¥) is
very well known if 2 is over R or C:
D = R, 4 hermitian:

b_c. 4(Ax,y)=(Ax + ), x + ) — (A(x — y), x—y)
4(Ax,y) = (A(x + p), x -+ y) — (A(x — p), x — y) + i(A(x + iy), x + iy)
—i(A(x —iy),x — iy)
for D = Q it reads
4dx,y) = (Ax + ), x + )~ (Ax =), x — )

+ji(Ax + j1 y), x + j1y) — (A = 1 ), %~ j1 y)
+jo(A(x + 12 ), X 4 Jo ¥) = jol AKX — Ja ¥), X — j2))
+ js(A(x + 3 1), x + j3p) — ja(A(x — j3 ), X ~J3¥)

Let now 575 be any tridimensional subspace of 3. In Theorems 3.4 and
3.5 we consider only projections whose range is contained in 5#;.

Theorem 3.4. Let {P,} and {Q,} be two seguences of monodimensional
projections. If

p, % p
w
0, > 0
where P and Q are monodimensional projections and P # Q, then
JlDn v Qn —> Pv Q

Proof. Since P+ Q, for sufficiently large » it is P, # Q,. For each such
large n let z, be a normalised vector of #’; orthogonal to Rp v, and let
x and y be two normalised vectors belonging to R and R, respectively.
We can write:

x = (%, X) X+ (X, X H) X o+ (X1, 2,) 24
Y= ) ¥nt @yt + (2} 20
where x,(»,) is a normalised vector of Rp (Ro) and x,*(y,") a normalised
vector of Rp Vo, such that {x,(y,),x,"(¥,"),z,} is an orthonormal set in
H# 5. Since
G, x)]% + 06, 2, 1) |2 4 |(x, 2)]* = 1
Py + |, 7 DP + (1,202 =1
and
G x)* = L[, pa)? — 1
we have |(x,z,)]> — 0.
Let now z be a normalised vector of 5 ; orthogonal to Rp,,. We have

Zy, = 0y X + ﬁny+ (Zm Z)Z
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where
B RGO L ) P CA) Y 9] C )
" 1—|(x,»)]? " 1—|(x, )
Obviously,
ol ey B <
TGy L= G )P

and thus from
1= (Zm Zn) = OC,,(X, Zn) + ﬂn(yi Zn) + (Zm Z) (Z> Zn)
we see that |(x,z,)| > 0 and |(7,,)| - 0 imply |(z,2,)|* - 1, that s
w
P, — P,
But

Pov Q=14 —P, and Pv Q=14 -P,
therefore,

w
P,V Q, > PV O

Theorem 3.5. Let {P,} and {Q,} be two sequences of bidimensional
projections. If

w w
Py =P, Oy 0
where P and Q are bidimensional projections and P # Q, then
PaAQ, = PAQ
Proof. From Theorem 3.4 we have

(e =)V (e = 0) % (ey =)V (= Q) =, ~ P 1 O

but
Pn A Qn = 1]97’3 - [(ﬂﬁfs "'Pn) v (1].7(’3 - Qn)]

P.AQ,—>PAQ

hence

Remark. #(3#,D) is not a topological lattice. Indeed, given any bi-
dimensional subspace 5, of 5 we have

w
X, Xy € H 1, Xy —> X = Py — Py

If x,#xV,, then P, vP,=1,, Vn; therefore, P, v P, does not
converge to P, v P, =P,.

4. The ‘Topology of States’

Let % be a logic and £ the set of all pure states of .. We introduce in &
a topology which we call the ‘topology of states’.
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Given a net {a,},. 4 in % we say that {a,} ‘converges’ to a € & if, for every
s € 2, the net {s(a,)} converges to s(a) in the usual topology of R.

This ‘convergence’ satisfies conditions (n;)~(n,) quoted in Appendix D.
In fact:

ny) a,=avVaed=s(a,)=s(@Vaecd, Vs P = s(a,) >
s(a) Vs € # and thus, by definition, a, — a;

(1) if {ag}pes 1s a subnet of {a,},c.4, {5(a)} is a subnet of {s(a,)} for every
se?; if a,—a, s(a,) - s(a) VseP, thus the subnet {s(a,)}
converges to s(a) for every se€ 4 and therefore, by definition,
ag —a;

(ny) if @, +> a there exists an § € £ such that §(a,) + §(a); therefore there
exists a subnet {§,} of the net {§(a,)} no subnet of which converges to
§(a); we can now find a subnet {az} of {a,} such that §(ay) = 3;
obviously, a; +— @ and no subnet of {g;} can converge to a;

(ny) if {a,},.4 converges to a and, for each a € 4, {a, g}scn, cONVerges to
a,, for every s e 2, s(a,) — s(a) and s(a, 5) — s(a,); but the con-
verging nets in R satisfy the law of iterated limits, thus s(a,, 4) —
s(a) Vs € #; therefore, by definition a, ,,, —> a.

We can now introduce a topology in ., the convergence relative to which
is equivalent to the above convergence, taking as the family of closed sets
the family of the subsets S of . such that: {x,} < Sand x, — x imply x € S.

This topology will be called the ‘topology of states’.

In alogic & the topology of states is a T;-topology iff the set of pure states
is separating. In fact, suppose & is separating and consider the net {a,},.4
with a,=a, Vo e A, then a, - a and a, — b imply s(a)=s(b) Vs e 2,
whence a = b. Conversely, suppose & is not separating; then there exist
two distinct elements a and b of & such that s(a) = s(b) Vs € &, hence the
net {a,},.4 with @, = a Vo € A converges to a and b, and therefore a is not
closed.

Furthermore, it must be remarked that the topology of states is a
Hausdorff topology if it is a T3-topology. For if a, — a and @, — b then
s(a) = s(b) Vs € 2, and this implies a = b if # is separating.

1t is obvious that once the topology of states is introduced in % every pure
state is a continuous mapping. We can prove also that the orthocomple-
mentation is a continuous mapping. Since, for every ac.# and every
se?, s(@)+s(@t) =1, from a, - a we have Vs € # s(a,*) — s(a), and
therefore a,* — at.

An interesting remark is that if & is a ‘classical logic’ (Varadarajan, 1968,
Chapter 1), & with the topology of states is a topological lattice. The logic
Z of a classical system is the g-algebra of Borel subsets M of the phase
space Q of the system and the set of pure states of . is the set {x,, @ € Q}
where, for each M € &,

1 fwoeM

Ho(M) = {o fo¢M
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Now, suppose M, — M and N, — N; then we can find for each ®w € Q
and o, € 4 such that a > a, implies

1 foeM
X“’(M“)z{o fod¢M
and
1 foeN
Xw(N“)={0 ifo¢N

Therefore, for a > aq, (M, A N)=1iff we M A N and y, (M5 A N,)iff
wéMAN.

This means that VY € Q, x,(M, A N,) — ¥(M A N) and thus, by defini-
tion, M, A N, — M n N. Moreover,

MoV N, =M AN S (MEVNY)L =M AN

Theorem 4.1. In the logic £ (4, D) the topology of states is the topology
induced by the weak operator topology of Z(#).

Proof. For each normalised vector u € # let us consider the mapping
S, L(#,D) — R defined by s,(P)=: ||Pul®>. From the Gleason theorem
(Varadarajan, 1968, Theorem 7.23) we know that the mapping s, is a pure
state of the logic Z(s#,D) for every normalised ¥ € # and that for every
pure state s of £(o#, D) there exists a normalised u € # such that s = s,.
Therefore, if {P,} is a net in F(#,D), P, — P € £ (#,D) means [P, ul]> -
|Puj®* for every normalised u € #. But this is equivalent to (P,x,x) —
(Px,x) Vx € o, which is equivalent to (P,x,y) — (Px,y) Vx,ye s, by
the polarisation principle.

Remark 4.1. While a ‘classical logic’ with the topology of states is a
topological lattice, a ‘quantum logic’ with the topology of states is not.

Remark 4.2. The topology of states has a clear physical meaning: two
‘propositions’ are ‘near’ if the probability of the result—yes—is almost
the same for the two propositions in all the pure states; that is, if the two
propositions give nearly the same information on the physical system.

5. Conditions under which a Logic with the Topology of States
Determines R, C or Q

Let & be a projective logic such that every family of mutually orthogonal
points is at most countable. We assume that & satisfies the following
topological conditions:

(£, in & is introduced the topology of states, and s(a) =s(b) Vs P
implies a = b (that is, £ is separating);

(&,) forevery finite element a of ¥, £[0,a]is a compact subset of & with
the topology of states;
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(¥5) & with the topology of states is second countable;

(&,) for every line / of & with the topology of states the set of all points
of /, but one arbitrarily chosen, is a connected set;

(&5) no plane of & is trivial; for every plane u of . with the topology
of states the intersection point of two lines in u is a continuous
function of the two lines and the union line of two points in u is a
continuous function of the two points.

Obvicusly, all these topological conditions for & are conditions on the
set of pure states of #. From the condition (%) it follows immediately
that % with the topology of states results in a Hausdorff space.

Moreover, as we can see from Theorem 4.1 and from Section 3, the
projective logic .#(#, D) of all the projections in a separable Hilbert space
# over D (R, C or Q) with the weak operator topology, satisfies all the above
conditions.

Theorem 5.1. & is isomorphic to the projective logic #(V,<.,.») of all
{.,.>-closed linear manifolds of V, where V is a vector space over D (R, C
or ).

Proof. let 2 be the generalised geometry consisting of ail the finite
elements of #. Following Varadarajan’s notations, for every line / of & we
denote by f,(/) the set of all the projectivities of / onto itself which can be
written as a product of two perspectivities.

Let us choose arbitrarily a plane u in & and a line / in u.

On [ we fix three distinct points O (‘origin’), E (‘unit point’), W (‘point at
infinity’).

Let D be the set of all the points of /, but W, We introduce in D the follow-
ing two operations:

. |azA IfB#0
4 B“‘{ O ifB=0

where py is the unique special projectivity of §,(/) with W as its fixed point
and such that p O = B and g5 is the unique general projectivity of ,(7) with
O and W as its first and second fixed points and such that gz £ = B (see
Varadarajan, 1968, Chapter 2). With these operations D becomes a division
ring (in general not commutative) with O and E as its zero and unit
respectively. B

The generalised geometry &£ results in it being isomorphic to the general-
ised geometry of all the finite dimensional linear manifolds of a linear space
¥ over a division ring which is isomorphic to the division ring I constructed
as above, no matter how the plane u of £, the line / in u and the three points
O, E, Win | are chosen (Varadarajan, 1968, Chapter 5).

We want now to prove that D is a topological division ring which is locally
compact, second countable and connected.
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(a) D is a topological division ring. Given , I, O, E, W as above, let
n# [ and r # [ be two distinct lines lying on # and containing W, and let X
be a point on r distinct from W (Fig. 1) (we recall that there exists at least
three distinct lines containing a given point).

FiG. 1.

For each point B of /let Y(B)=: (X v O) An) v B) A r and for each
point A of [ distinct from Wlet Z(A4) =: (X v A) a n. Since Z(A4) and Y(B)
are continuous functions of A and B respectively, f(4,B) = (Z(4) v
Y(B)) A [ is a continuous function of the pair (4, B). But f(4,B) =P 4;
therefore, A + B is a continuous function of (4, B).

FiG. 2,

Let now »’ # [ be a line in « containing W, r’ % [ aline on u containing O,
and let X' be a point on r’ distinct from O (Fig. 2). For each point B of / let
Y'(B)=:(((X'v E) an') v B) nr’ and for each point 4 of / let Z'(4) =
(X’ v A) A n'. Since Z'(A) and Y'(B) are continuous functions of 4 and B
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respectively, g(4,B) =: (Z'(4) v Y'(B)) A lis a continuous function of the
pair (4, B). But
gsA ifB#0

0 ifB=0

therefore 4. B is a continuous function of (4, B).

(b) D is second countable. This follows immediately from (%,), since
second countability is a hereditary property.

(¢) D is connected. This follows immediately from (Z,).

(d) D is locally compact. By condition (%,) £10,/] is compact. The set
C={0,, W}, is closed because we deal with a T;-topology. Now, the
division ring D is the complementary set of Cin £[0,/] and .% is a Hausdorff
space; therefore D) is locally compact.

It is well known that a second countable connected and locally compact
division ring is isomorphic and homeomorphic to one of the topological
division rings R, C or Q (Pontrjagin, 1946, Theorem 45). Thus we have
obtained that £ is isomorphic to the generalised geometry of all finite
dimensional linear manifolds of a linear space V' over a division ring D
which is one of R, C or Q. The statement of the theorem follows from
Varadarajan (1968, Theorem 7.40).

We have thus proved that if a projective logic & satisfies the conditions
given at the beginning of the section, then % determines a division ring D
which is one of R, C or Q.

To go further on and establish an isomorphism with the projective logic
of all the closed linear manifolds of a separable Hilbert space, the 0-bilinear
form {.,.> must have the properties of an inner product. When so, ¥ with
the inner product <.,.> is complete, that is a Hilbert space (Varadaragan,
1968, Theorem 7.42).

Now if D is R, C or @, the 0-bilinear form <.,.> is an inner product iff the
antiautomorphism @ is the identity, the complex conjugation or the canonical
conjugation respectively. If D is R or Q the antiautomorphism 6 determined
by % is the identity or the canonical conjugation respectively. If D is C the
antiautomorphism 6 is the complex conjugation iff it is continuous (see
Varadarajan, 1968, p. 179).

We can then arrive at the projective logic (s, D) if we require that the
antiautomorphism @ is continnous. For what we have just said this is a
restriction only in the case D = C.

Therefore, if we take into account Theorems 4.1 and 5.1 and the resulis of
Section 3 we can state the following theorem.

s, 5)-

Theorem 5.2. Let & be any logic. Then

(1) if Z is a projective logic with the properties: (a) every family of
mutually orthogonal points of .Z is at most countable, (b) conditions
(Z )& s) are satisfied, then # is isomorphic to the projective logic
L(V,{.,.») of all linear manifolds closed relative to the 6-bilinear
form <.,.>, where V is a linear space over R, C or Q;
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(2) if, in addition, the antiautomorphism 6 is continuous, then ¥ is a
separable Hilbert space with {.,.> as inner product.

Conversely, if & is isomorphic to £(#, D) where 3# is a separable
Hilbert space over D (R, C or Q) with dim s > 4, then & is a projective
logic with the properties: (a) every family of mutunally orthogonal points of
£ is at most countable, (b) conditions (&#,)-(Z5) are satisfied, (c) the anti-
automorphism 6 is continuous.

As a conclusion, two remarks are in order.

First, the continuity of the antiautomorphism 8 of D followed by the
general topological assumptions on % could have been expected. We have
not yet settled this question.

Second, if in theorem 5.2 we want to cut out the possibility D = @), we
must require that in % the ‘Pappus property’ holds. Conversely, if we want
D = Q, we must require that the ‘Pappus property’ does not hold. Indeed,
the validity of the ‘Pappus property’ is a necessary and sufficient condition
for the commutativity of D (Artin, 1962, p. 73).
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Appendix
A. LATTICES
(1) Definitions and notations

A lattice is a poset (with the order relation denoted by <) in which for
every pair of elements qa, b there exists sup(,b) and inf(a, b).
A lattice % is called o-complete if sup{a;} and inf{a;} exists for every

countable set {@;} of elements of & ; it is called complete if sup M and inf M
exists for every subset M of .

We use the notations av b, anb, Via}, Na}, VM and A M for
sup(a, b), inf(a,b), sup{a:}, inf{a;}, sup M and inf M respectively.

If a lattice admits a greatest element and a least element (this is always
the case for a complete lattice) we call them X and 0 respectively.

A subset B of a lattice % such that Vae %, a#0, 3 B, < Bla=V B,
is called a base of &Z.

(2) Distributive, modular and weakly modular lattices
A lattice is called distributive if

DO.Dan®ve=(@rb)yvianc), Va,b,ce ¥;

(D2)avdrc=(@vb)r{avy), Va,b,ce ¥;
modular if

Mya<b=avcab)=(@vcynb, Vee Z;
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weakly modular if
(WM)a<b, c<at=av(caby=(@vc)ab.
Obviously, (D.1) < (D.2), (D.2) == (M) and (M) = (WM).

(3) Complemented and orthocomplemented lattice

A lattice . with 0 and Y is called complemented if for every a € & there
exists in & at least an 4’ such that

ana =0, ava =1

An orthocomplementation in a lattice & with 0 and I is a mapping | :
&L — & such that

(D ana-=0, Vaec¥;

2y avat-=1, Vae Z;

(3) a<bh=bt<at, Vabe &,

@) at*=a, Vaec Z.

In a given lattice % an orthocomplementation doesn’t need to exist and,
if there is one, it doesn’t need to be the unique one. A lattice & with 6 and 1
and with a given orthocomplementation is called an orthocomplemented
lattice.

A complemented distributive lattice is usually called a Boolean lattice.
In a Boolean lattice the complement a’ is unique for every aq, it is an ortho-
complement and the unique one.

(4) Atomic lattices

An element ¢ of a lattice & with 0 is called an atom (or a point) of & if
c#0anda<c=>a=0o0ra=c.

A lattice & is called atomic if it has a base consisting of atoms (and
therefore of all the atoms of Z).

(5) Topological lattices

A topological lattice is a set ¥ endowed with compatible lattice and
topological structures, the compatibility meaning that V and A are continu-
ous mapping from & x & (with the product topology) in Z; if & as a
lattice is orthocomplemented, the continuity of the orthocomplementation
is also required.

B. GEOMETRIES (Vanadarajan, 1968)
(1) Dimension function

Given a complemented lattice £, a dimension function on £ is a mapping
d: ¥ — R such that

(1) d(a) =0, Vaec &, d(0)=0;

(2) a< b, a#b = d(a) <db);

(3) d(av b)+d(a an b)=d(a) + d(b), Va,be .

A complemented lattice with a dimension function is modular
(Varadarajan, 1968, Lemma 2.2).
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We recall that a chain in a poset 2 is a subset of £ for which the induced
ordering is a total ordering. The length of a chain is the number of its ele-
ments. A lattice % is said to have a finite length if there is an integer x such
that the length of any chain in % does not exceed x. The least upper bound
of the lengths of & is called the length of &.

A complemented modular lattice & of finite length is atomic and there
exists a unique dimension function d on % such that d{c) = 1 for every atom
c of & (Varadarajan, 1968, Theorem 2.8). This dimension function is called
canonical.

(2) Geometries

The centre of a complemented modular lattice % is the set of elements of
Z having a unique complement. If the centre is the set {0,I}, .Z is called
irreducible.

A geometry is a complemented, modular, irreducible lattice of finite
length.

In a geometry £ an element / will be called a line of & if [=p, v p,,
where p, and p, are two distinct points (atoms) of %, an element u will be
called a plane of £ is u=1v p, where /is a line and p a point not lying (not
contained) on / (a lies on b (a is contained in b) means a < b).

Every line contains at least three distinct points (Varadarajan, 1968,
Theorem 2.15).

A plane u is said to be trivial if every line lying in u contains exactly three
points.

If we consider in a geometry % the canonical dimension 4 we have

d{@)=1 < aisapoint of &
d(a)=2 <> aisaline of &#
d(a)=3 < aisaplane of ¥

In this paper for the dimension function in a geometry % we shall always
mean the canonical dimension function. We define the dimension of a
geometry £ as the canonical dimension of its geatest element and write
dim % for it (note that dim % equals length of & minus 1).

(3) Generalised geometries

In a lattice .Z we denote by .#[a,,a,] the set of elements b € & such that
a, < b < a, with the induced order relation.

A generalized geometry is a lattice ¥ with 0 such that for every
ac L,a#0: Z[0,a] is a geometry.

Obviously if a generalised geometry has also I, it is a geometry.

Since foreverya € &, a # 0, £[0,a] is a geometry, we can introduce in &
a dimension function simply defining dim(0) =0, dim(q) =: dim £[0, a].
This dimension function has the properties

1) dim(a) >0, Vae %, dim(0) =0;
2) a<b,a#b = dim(a) / dim(b):
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(3) dim(a v &) + dim(a A b) = dim(a) + dim(b):
4) dim(a)=1, a is a point of &Z.
Again, an element « of a generalised geometry . with dim (a) = 2 will be
called a line of . and an element a of % with dim(a) = 3 a plane of &.
Let now a;, a, be two elements of a generalised geometry % and suppose
that
dim(a;) =dim(a,) =r>0

dim{a; Aay)=r—1

Then there exists at least one point P < a, v 4, lying neither on a, nor on a,;
for every such a point P, P v a; = P v a, and the mapping

n:2[0,a,] — £L[0,a,], nB)=(xvb)Ara,

is an isomorphism of £[0,a,] onto £[0,a,]; moreover, n(b) = b for every
b < ay A a, (Varadarajan, 1968, Lemma 5.3).

The mapping  is called a perspectivity of a, on a, with centre P. Given two
lines /; and /, in a plane u a projectivity of /; onto /, is a one-one mapping
from I, onto I, which is a product of perspectivities.

C. 6-BILINEAR ForMs (Varadarajan, 1968)

An antiautomorphism 8 of a division ring I is an invertible mapping
A > 22 of K onto itself such that

D A+ =2+p Vipek;
Q) Guf=p"2%  Vipek

Obviously, an antiautomorphism of K is an automorphism iff K is
commutative.
An antiautomorphism 8 of K is called involutive if (1°)° = A V1 e K.
If K is a division ring, 8 an antiautomorphism of i and ¥ a linear space
over K¥, a 0-bilinear form on VxV is a mapping {.,.>: VxV - K such that
) {<x1 + X5, Y0 =<%1, YD+ <X, ¥D, VX1, Xp, yEV
X, Y1t y20 =X Y10 <X, Y20, VX1 Y1, 02 €V

(2) <Axyuy> = )"<xay>1u65 Vx:y € V, Vi,,u € K'
A 0O-bilinear form is called symmetric if
Yy =<x)°  Vx,yel

{x,y> =0, VyeV = x=0
<x,y>=0 VxeV => y=0

non-singular if

definite if
{x,x>=0 = x=0
{z,zy=1 forsomezecA

1 By a linear space over [ we understand, to be definite, a left linear space over K.
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A definite #-bilinear form is obviously non-singular.
For every definite symmetric f-bilinear form the antiautomorphism 8 is
involutive.

D. Ners (Pontrjagin, 1968)

A directed set is a set A with a directing relation, that is with a binary
relation < such that:

1) e<a, Vae Ad;
(@ o,pyed, a<P, P<y=a<y;
(3) ifa,fe A thereisaye dsuchthaty > o and y > §.1

Given a family {4,},.s of directed sets the product directed set n, A, is the
cartesian product of the sets 4, (that is, the set of all the functions @:> —
(U 4, such that w(o) € 4, for every o € X) with the directing relation defined

by: o < o' if w(o)’ < (), Vo e Z.

Given a set X, any mapping from any directed set to X is called a net in X.
For a net in X we will use the notation {x,},., or simply {x,}.

Given two nets {x,},. 4 and {¥p}pep in X, the net {y5} 4.5 is called a subnet of
the net {x,},., if there exists a mappping =: B — A4 such that

(1) Yg=Xnpy,  VBEB,
(2) Vo, € A there is a f, < B such that § > f, = n(f) > a.

Let now X be a topological space. A net {x,},.4 in X is said to converge
to an element x € X (in symbols, x, — X)if for every neighbourhood ¥ of x
there exists an &y € 4 such that ¢ > 8y = x, e V. If x, > X, X iscalleda
limit of {x,}ycq.

It can be shown that a subset N of Xis closed in X iff for every net {x,},. 4
in N all the limits of {x,},., belong to N and that a mapping ffrom X in a
topological space Yin continuous at x, € X iff for every net {x,} in X which
converges to x, the net {f(x,)} converges to x,.

The above defined convergence of nets in a topological space X has the
following properties:

(n,) foreach xe X; x,=XVaecd=x,—X;

(nz) if x, — X and {x;} is a subnet of {x,} then x; — X;

(ny) if {x,} does not converge to x there exists a subnet of {x,} no subnet of
which converges to x.

(n,) (law of iterated limits) let 4 be a directed set, B, a directed set for
each o € A and C the product directed set 4 x IT B,; if the net

o
{X.}sea converges to x and if, for each fixed « € 4, the net {x, g}scps
converges to x,, then the net {x, .} 0ec CONVErges to x.

Suppose now we have a set X and a family e of pairs, each pair being
formed by a net {x,}in X'and a point x € X. For a pair ({x,}, x) belonging to e
we say that {x,} e-converges to x. A family eis called a convergence class for X

+ It is immaterial for the theory of nets whether or not it is assumed that o > o’ and
o' > aimply o =o'



QUANTUM LOGIC AND LOGIC OF PROJECTIONS IN HILBERT SPACE 29

if it satisfies (n,)-(n,) (obviously, with e-convergence substituted for con-
vergence).

It is a fundamental result the fact that, given a set X and a convergence
class e for X, a topology can be introduced in X the convergence relative to
which is equivalent to the e-convergence. One simply takes as the family
of closed sets the family of the subsets § of X such that: if {x,} =.§ and
{x,} e-converges to x, then x € S.

The topology introduced in X in this way is a T; topology iff

(T) for each xe X, x,=xVacA and {x,} e-converges to y imply
x=y;
it is a T topology (Hausdorff topology) iff
(T,) {x,} e-converges to x and {x,} e-converges to y imply x = y.
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